Abstract-The stability of intrinsic point defects in PbTe, one of the most widely studied and efficient thermoelectric material, is explored by means of Density Functional Theory (DFT). The origin of n-and p-type conductivity in PbTe is attributed to particular intrinsic charged defects by calculating their formation energies. These DFT calculated defect formation energies are then used in the Gibbs free energy description of this phase as part of the Pb-Te thermodynamic model built using the CALPHAD method, and in the resulting phase diagram it is found that its solubility lines and non-stoichiometric range agree very well with experimental data. Such an approach of using DFT in conjunction with CALPHAD for compound semiconductor phases that exhibit very small ranges of non-stoichiometry does not only make the process of calculating phase diagrams for such systems more physical, but is necessary and critical for the assessment of unknown phase diagrams.
Introduction
One solution to the rapidly changing climate and global warming is to extract the available energy (or exergy) from waste heat, and convert it to electricity. Devices that perform such an operation are called thermoelectric generators, and materials used in these devices are known as thermoelectric (TE) materials. The lead chalcogenide salt PbTe, one of the most widely studied TE material, is a IV-VI semiconductor with a small band-gap and is the best performing TE material for mid-temperature power generation (200-600°C) [1] . It exhibits both types of conductivity depending on the growth conditions-n-type (electrons) in a Pb-rich environment and p-type (holes) in a Te-rich environment [2] [3] [4] [5] 7, 8, 6] , which makes it particularly advantageous since TE devices consist of both n-and p-type legs coupled together. Furthermore, tuning the carrier densities by adjusting the defect/dopant concentrations not only maximizes zT, but also gives control over where its peak occurs in the temperature space [1] . This coupling between carrier concentration, defects/dopants, and zT makes it important to understand the defect chemistry of a material for its application as a thermoelectric material.
In a previous study by Ahmad et al. [9] , the physics and electronic structure of vacancy and impurity induced deep defect states in PbTe was investigated by ab initio calculations. Another study by Xiong et al. [10] investigated the impact of dopants on the density of states (DOS) and band structures between pure and extrinsically doped PbTe. Both these works have not investigated the energetics of different types of point defects in intrinsic PbTe. In a recent publication by Wang et al. [11] , spin-orbit coupling (SOC) calculations were performed that result in a band gap of 0.11 eV which is in better agreement with the room temperature experimental band gap of 0.31 eV. However, it was found that the fermi level is positioned where Te vacancy V þ2 Te donor defects for Pb-rich and Te substitutional Te þ2 Pb donor defects for Te-rich conditions are most stable, thus leading to n-type conductivity for both growth conditions. p-type/hole conductivity for Te-rich conditions was found to only occur for a limited set of Te chemical potential. This result is inconsistent with the well-known observance of both electron and hole conductivity in PbTe from numerous experimental works. carrier concentrations is made. Thus, in this work, we investigate the role of intrinsic point defects in the conductivity and doping behavior of PbTe within the framework of Density Functional Theory (DFT). Specifically, we study the stability of vacancy, anti-site, and interstitial defects by calculating their formation energies for both Pb-rich and Te-rich growth conditions. Defects with the lowest formation energies will help us attribute the origins of n-type and p-type conductivity in PbTe to that specific type of point defect type.
The phase diagram of Pb-Te exhibits a very small range of non-stoichiometry in the PbTe phase to the order of x ¼ 10 À4 on both sides of the stoichiometric line at x = 0.50 [2] [3] [4] [5] 7, 8, 6] due to the presence of defects, that in turn leads to the n-and p-type conductivity in this phase. A previously developed thermodynamic model of this system by Gierlotka et al. [12] describes the Gibbs energy of this compound using the Wagner-Schottky defect model [13] that assumes anti-site defects -(Pb, Te) 1 : (Te, Pb) 1 to cause the very small non-homogeneity range. However, as we shall see later, it is actually the vacancy defects that have the lowest formation energy and hence are the most stable among different types of defects. Thus, in this work, we use the CALculation of PHAse Diagrams (CALPHAD) method [14] to modify the description of the PbTe phase, and then use the DFT vacancy formation energy values in its Gibbs free energy expressions which result in solubility lines that agree very well with experimental data. This approach of using information from DFT to select a particular type of phase model and use the DFT calculated defect formation energies in the Gibbs free energy descriptions to calculate a phase diagram makes the process of building thermodynamic models more physical. More importantly, in the field of TE materials where dopants are added in small concentrations to fine tune TE properties, this methodology helps determine the solubility ranges of those dopants in the base material.
Methodology

Defect thermodynamics
The stability of a defect is determined by its formation energy, which according to the Zhang-Northrup supercell formalism [15] for a defect D of charge q is given by
where, E d;q and E H are the total energies of the defect containing supercell and the ideal supercell, respectively, and represent the bond energy cost due to the creation of a defect. 
where, l PbTe is the chemical potential of the defect-free PbTe compound. The above condition is true in the case of PbTe since there are no other competing phases in the phase stability regions between the elemental reference phases and the PbTe phase. For charged defects (q -0), the second to last term in Eq. (1), i.e. qðE VBM þ DV PA þ l e Þ, represents the energy cost of exchanging electrons with the electron reservoir. E VBM , the valence band maximum (VBM) energy corresponds to the energy of the highest occupied level. It is the cost of removing an electron from the top of the valence band, and in this work the energy difference between a neutral defect-free supercell and the supercell with a hole is used to approximate the value of E VBM .
The creation of a neutral defect in a supercell causes the band energy levels to shift relative to the levels in the defectfree supercell. Furthermore, in the case of creation of a charged defect, the charge neutrality condition is violated which causes the Coulomb potential to diverge. This is avoided by setting V el ðG ¼ 0Þ ¼ 0 that is equivalent to introducing a compensating uniform background charge which only affects the potential, and not the charge density in the calculation. Thus, the energy levels of the charged defect cell do not reference to the potential of the host cell, and the defect energy levels need to be re-aligned to the host energy levels using a potential alignment (PA) term DV PA that is added to the defect formation energy (in Eq. (1) above) and is calculated as [16] ,
where, DV PA is the potential alignment between the spherically-averaged electrostatic potentials of the defect (V r d;q ) and the host (V r H ) cells far from the defect site so as to avoid including any spurious chemical interactions with the defect. In this work, it is found that DE PA ranges from 0.25 eV to 0.05 eV for the various defects. Finally, the electron chemical potential l e term in Eq. (1) is the additional energy of electrons in our system, and is set to range between the VBM and CBM (conduction band minimum) for plots showing the variation of defect formation energies as functions of electron chemical potential. Its value is fixed as a function of temperature by solving the charge neutrality condition, as explained later in Section 3.1.
The use of periodic boundary conditions in DFT causes charged defects to be periodically and infinitely repeated in neighboring supercells. These periodic images of defects result in electrostatic interactions between the charges, and defect concentrations in the order of tenths of a percent which is significantly higher than that found in semiconductors (parts-per-million). Also, the computing demands posed by DFT limit the size of supercells that can be used to perform calculations on. Thus, in order to model a true isolated charge defect in a size limited supercell in non-degenerate conditions, an image charge correction energy term DE IC is added to the defect formation energy in Eq.
(1) above. It is typically written in the form of a multipole expansion given by Makov and Payne [17] ,
The first two terms are the monopole and quadrupole corrections where a is the Madelung constant of the supercell lattice (1.75 for the rock salt NaCl structure of PbTe), L is distance between defects, is the static dielectric constant which is calculated to be equal to 397 (including ionic contributions) for PbTe using density functional perturbation theory as implemented in VASP [18] [19] [20] , and is in good agreement with available experimental data (412 ± 40) [21] . Q r is the second radial moment of the charge density, and it has been found [16] that the quadrupole term is typically %À35% of the monopole term which is implemented here. It is also found from Ref. [16] that these terms are not affected by the choice of the exchange-correlation functional. Higher order terms OðL À5 Þ are neglected due to their minimal contributions. All together, the image charge correction term is calculated to have a maximum value of %0.01 eV in this work for q ± 2 charges.
Computational details
DFT calculations are performed with the Vienna Abinitio Simulation Package (VASP) [22] [23] [24] [25] using the Projector Augmented Wave (PAW) method [26] [27] [28] and generalized gradient approximation (GGA) with the exchange-correlation functional of Perdew, Burke, and Ernzerhof (PBE) [29] . The 5d 10 6s
2 6p 2 orbitals of Pb and 5s 2 5p 4 orbitals of Te were treated as valence states to generate the PAW potentials. The primitive cell of PbTe contains 2 atoms, and all calculations are performed on a 5 Â 5 Â 5 supercell of the primitive cell that contains 250 atoms. The cutoff energy of plane wave basis was set to 400 eV, and integrations over the first Brillouin zone were made using a k-point grid set of 2 Â 2 Â 2 generated according to the Monkhorst-Pack scheme [30] . Unit cell parameters and atomic positions were relaxed based on an energy convergence criteria of 10 À4 eV, and a final static calculation was performed for an accurate total energy.
Thermodynamic models for the CALPHAD method
The thermodynamic models employed in this work are based on previous assessments by Gierlotka et al. [12, 31] on the Pb-Te system. In these expressions, the Gibbs energies G / m of each phase / taking part in the equilibria are defined using the models described below. x i is the molar fraction of component i, and o G / i is the reference Gibbs energy of the component i making up the phase at 298 K and 1 atm that is obtained from the Scientific Group Thermodata Europe (SGTE) database [32] .
Liquid
The liquid phase of the Pb-Te system exhibits a sharp minimum versus composition in its enthalpy of mixing near the PbTe stoichiometry that indicates strong short-range order interactions [33] , which has also been seen in experimental measurements on its conductivity [34] and viscosity [35] . Thus, following Ref. [31] , in this work we have also used the associate model [36] to describe this phase. In CALPHAD terminology, the term "associate" is used to denote an association between unlike atoms when the attractive forces between the atoms are not strong enough to form a stable chemical molecule. According to this model, the Gibbs energy per mole of atoms of such a phase is given by,
where, i; j = Pb, Te, and PbTe, R is the gas constant, and T is the temperature. (5) above, are user-defined parameters that are fitted in the CALPHAD method to experimental and/or ab initio data on phase equilibria/diagram and thermodynamic properties.
PbTe
The PbTe structure is of rock salt NaCl structure with space group Fm3m (No. 225). As mentioned earlier in the Introduction, the small non-stoichiometry in the PbTe phase that is caused by defects is modeled using the Wagner-Schottky sublattice model [13] , but now using vacancies as defects, i.e. (Pb, Va) 1 :(Te, Va) 1 instead of anti-site defects assumed before [12] . The Gibbs energy of this phase is given by,
where, P I0 is a product of sublattice site fractions when each of them is occupied by only one component, N s is the number of sites on sublattice s; P IZ is also a product of sublattice site fractions but when only one sublattice contains Z components and the remaining are occupied by one component, and s y i is called the site fraction defined by: Te are related to the vacancy formation energies on the Te and Pb sublattices, respectively, and the temperature-independent parameters X 2 and X 3 in these expressions are fixed to the vacancy defect formation energies calculated from DFT. The rest of the parameters in Eq. (10) are fitted to experimental data on the phase diagram and thermodynamic data.
Fcc_A1, Hexagonal_A8
The
Results and discussion
Defect stability
The calculated lattice constant of 6.559 Å and formation enthalpy of À0.406 eV/atom of PbTe are in good agreement with the experimental values of 6.462 Å [37] , and %À0.36 eV/atom [38, 39] , respectively. However, the calculated direct band gap of 0.82 eV at the L point using GGA over-estimates the value of 0.31 eV obtained from recent experiments [40] . On the other hand, our calculations show that the hybrid HSE functional coupled with SOC leads to an upward shift of the topmost valence band and a downward shift of the lowest conduction band leading to a reduction in the gap to 0.28 eV (for a 0.3 Å À1 screening length and 25% Hartree Fock exchange mixing), whereas just including SOC effects results in a gap of 0.08 eV. Both these methods are computationally prohibitive with current supercomputers to be applied to the 250 atom defect supercells used in this work. HSE calculations on smaller supercells would be plausible (but still very expensive), however, the effect of approximations in image-charge and potential alignment correction schemes would then become more pronounced due to the relatively small size of these supercells, thus negating the beneficial effect of using an accurate band gap. This is why a vast majority of defect calculations still employ PBE (or other semi-local or local) functionals coupled with band gap correction schemes, as well documented in the literature [41, 42] . Thus, we have just resorted to a well-documented methodology of using GGA for defect calculations together with a band-gap correction scheme that is discussed later in this section.
Three types of point defects are considered in this work on each of the Pb and Te sublattices that make up the PbTe rock salt structure: vacancies (V Pb ; V Te ), anti-sites (Pb Te ; Te Pb ), and interstitials (Pb i ; Te i ), all in neutral and charged states ranging from À2 to +2. Formation energies of every defect in each charge state DH d;q are calculated using Eq. (1) taking into account the image charge and potential alignment corrections that are calculated using methods explained in Section 2. Their concave hulls are plotted in Fig. 1 for both Pb-rich and Te-rich growth conditions so as to show only the lowest energy defect as a function of electron chemical potential or Fermi level l e . The charge state of the defect corresponds to the slope of The most dominant defect is determined by the position of the Fermi level, which in turn is calculated as a function of temperature by solving the charge neutrality condition. Under the assumption of dilute limit of defect concentrations, the number of free charge carriers in the compound is controlled by the number of electrons charged defects can either donate to or accept from the bands. The conservation of charge neutrality condition requires,
where, n and p are the free carrier concentrations of electrons and holes given by,
nðEÞ is the density of states of the defect-free crystal, and f ðE; l e ; T Þ is the Fermi-Dirac distribution. In the non-degenerate limit, when Fermi levels are more than several kT below E CBM and above E VBM , the carrier concentrations simplify to [43] ,
where, k is the Boltzmann constant, and N C and N V are the effective density of states in the conduction and valence bands, respectively, given by,
where, h is the Planck's constant, and m e and m h are the effective masses for the electrons and holes, and are equal to 0.17m 0 and 0.20m 0 , respectively, for PbTe [43] where m 0 is the mass of an electron. In Eq. (11) above, q d is the charge of the defect d with concentration c d;q . In the dilute limit of defect concentrations, the concentration c d;q of a particular defect in the structure is given by the Botlzmann distribution,
where, c 0 is the concentration of possible defect sites in the supercell. Band-gap correction scheme: The GGA functional used in this work results in an erroneous band gap of 0.82 eV because of which we need to correct our defect formation energies. Without doing more computationally expensive hybrid functional or SOC calculations, we have employed a simple projection scheme for this. According to this scheme, the electron chemical potential l e is mapped between the carrier concentrations (n and p in Eq. (13)) and defect concentrations (c d;q in Eq. (15)) that assume different band gaps. This mapping is accomplished by turning l e into a fractional quantity of the band gaps as,
where, l e;exp is used in Eq. (13), E g;exp is the temperature dependent experimental band gap from Ref. [40] used in this equation for the calculation of n and p, and l e;theo is used in Eqs. (1) and (15) for the calculation of defect energies DH d;q and concentrations c d;q that use the theoretical GGA band gap of E g;theo = 0.82 eV. The fractional quantity x can be solved for self-consistently from the charge neutrality condition in Eq. (11) which becomes, predicting n-type behavior on the Pb-rich side and p-type behavior on the Te-rich side as observed in various experiments [2] [3] [4] [5] [6] [7] [8] . The calculated net carrier concentrations are plotted in Fig. 3 which also agree well with these experimental data. The position of Fermi levels leads to vacancies being the most dominant defects for both Pb-rich and Terich conditions. Donor defects V
þ2
Te for Pb-rich conditions and acceptor defects V
À2
Pb for Te-rich conditions are the highest concentration defects that lead to the observed n-type and p-type behavior, respectively. Table 1 shows the defect formation energies of all defects calculated at the equilibrium value of the Fermi level at 300 K. Experimental evidence of Pb and Te vacancies being the primary point defects in PbTe has been shown through experiments by Brebrick and Grubner [3] . The proposition of Pb interstitials being the dominant defect over Te vacancies for Pb-rich conditions had been suggested earlier by Brebrick and Allgaier [2] due to the instability of Pb-saturated crystals, and Schenk et al. [44] due to the increase of lattice parameter with carrier concentration. However, Brebrick and Grubner [3] later did not see the crystal instability in Pb-rich samples attributing it to impurities, and based on the increasing order of mobility of Te vacancy, Pb vacancy, and Pb interstitial, implied that Pb and Te vacancies were indeed the predominant point defects. Thus, as has been confirmed by the DFT calculations in this work, Pb and Te vacancies are the primary defects in PbTe, and this result along with their formation energies shown in Table 1 has been used in the thermodynamic CALPHAD model of the PbTe phase as discussed in the following section.
Modification and assessment of the CALPHAD model
The thermodynamic model of the binary Pb-Te system was last calculated and developed by Gierlotka et al. [12] in which the small non-stoichiometry of the PbTe phase was modeled using the Wagner-Schottky defect model [13] for anti-site defects, i.e. (Pb, Te) 1 :(Te, Pb) 1 . In a later publication [31] , the PbTe phase was assumed to be an ideal defect-free compound. From our DFT calculations in this work, we found that the Fermi level is positioned where vacancy defects have the lowest formation energy, and are thus more stable than the anti-site defects on both the Pb and Te sublattices, i.e. in Pb-rich and Te-rich crystal growth conditions, respectively. Thus, in this work, we have changed the PbTe phase model to consist of vacancies instead -(Pb, Va) 1 : (Te, Va) 1 , used the defect formation energies calculated from DFT in its Gibbs energy description, and reassessed the entire Pb-Te thermodynamic model.
The evaluation and optimization of the thermodynamic model was performed using the PARROT module of Thermo-Calc [45] package for the calculation of phase diagrams. The Gibbs free energy G / m of each phase expected to participate in the equilibrium phase diagram of the system was defined using models as described in Section 2. Parameters X 2 and X 3 in the Gibbs free energy expansion of the PbTe phase shown in Eq. (10) are fixed to the DFT defect formation energies of V þ2
Te and V
À2
Pb defects, respectively, shown in Table 1 and as explained earlier in Section 2.3.2. Thus, X 2 ¼ 0:72 eV/defect = 69,469 J/mol, Table 1 . Defect formation energies DH d;q (eV/defect) calculated for each point defect considered in the PbTe system for chemical potentials corresponding to Pb-rich and Te-rich conditions. Values are determined at l e ¼ 0:42 eV for Pb-rich and l e ¼ 0:31 eV for Te-rich conditions which are the equilibrium Fermi levels (relative to the VBM) obtained at T = 300 K by solving the charge neutrality equation, as shown in Fig. 2 . Only the lowest energy charge state for each defect at this Fermi level, corresponding to Fig. 1, is Table 2 . Model description and parameters for phases in the Pb-Te system. The functions GHSERPB, GHSERTE, GLIQPB, and GLIQTE are obtained from the SGTE database [32] . Parameters X 2 and X 3 in the Gibbs free energy expansion of the PbTe phase shown in Eq. (10) are fixed to the DFT defect formation energies of V þ2
Pb defects, respectively, shown in Table 1 Table 2 . Rest of the parameters entering these models were fitted to available experimental data on the positions of various solubility lines in the phase diagram. The liquidus line was fitted to data determined by DTA and thermal analysis in Refs. [46] [47] [48] [49] [50] . The position of the equilibrium lines of the PbTe phase determined through carrier concentration measurements in Refs. [2] [3] [4] 8, 7, 5] were used to fit the rest of the user-defined parameters shown in Eq. (10) . Experimental measurements of thermodynamic data on this system are also used to optimize parameters of this system. This additional set of experimental data helps impose restrictions to the optimization process by reducing the degrees of freedom, and thus result in a thermodynamically consistent model [51] . The first set of thermodynamic data used is the enthalpy of mixing of the liquid phase that has been measured using the calorimetric method in Refs. [47, [52] [53] [54] . The second set of thermodynamic data used is the chemical potential of Te in the liquid phase that was determined using partial pressure measurements made in Refs. [55, 56] assuming the gaseous phase only contains Te 2 .
The set of optimized thermodynamic parameters of the model that form part of the Gibbs free energy functions are listed in Table 2 along with the phase models used. The resulting phase diagram is shown in Fig. 4 . The solubility lines of the PbTe phase are shown in Fig. 5 along with solubility lines obtained using defect concentrations calculated using DFT in this work. Both sets of data agree reasonably well with experimental data, and that the solubility on the Pb-rich side is lower than that on the Te-rich side of the stoichiometric line at x ¼ 0:50. As is the case with the experimental and CALPHAD-calculated solubility lines, the DFT solubility lines do not meet at the invariant melting point of the phase mainly because the DFT phase boundaries are calculated without considering the liquid phase. If considered, the free energy of which will most likely fall below that of the PbTe phase above its melting point, thus closing the phase boundaries of the PbTe phase at high enough temperatures by making it more stable. But below the melting points, the agreement is fairly good. Figs. 6 and 7 show the resulting thermodynamic data from the CALPHAD model on the enthalpy of mixing of the liquid phase and chemical potential of Te in the liquid phase at 1200 K, respectively, which agree well with experimental literature.
Conclusions and outlook
In this work, first principles calculations of defect energetics are used to understand the thermodynamic stability of different types of point defects in PbTe. For Pb-rich Te are the highest concentration defects for Pb-rich conditions which are the cause of its n-type conductivity. Whereas it is the electron accepting Pb vacancies V
À2
Pb that are the cause of p-type conductivity in PbTe for Te-rich growth conditions. This result, along with calculated electron and hole concentrations agree well with data from previous experimental works.
This information is then used to modify and re-develop the thermodynamic model of the Pb-Te system using the CALPHAD method. Previous thermodynamic model of this system assumed a anti-site defect model for the PbTe phase, i.e. (Pb, Te) 1 :(Te, Pb) 1 . However, from our calculations we found that it is actually the vacancy defects that predominate in this phase over anti-site or interstitial defects. Accordingly, the defect model for this phase was changed to (Pb, Va) 1 :(Te, Va) 1 . In addition to this, the defect formation energies calculated from DFT were used in the parameters of the Gibbs free energy expression of this phase and the resulting non-stoichiometric range was in very good agreement with experimental data. The entire system was then re-assessed based on experimental information on the phase diagram and thermodynamic data on the mixing enthalpy of the liquid phase and chemical potential of Te in the liquid phase. Thus, in this work, we have demonstrated the use of DFT in conjunction with the CALPHAD method by calculating defect formation energies of various intrinsic point defects in PbTe using DFT, and then using those numbers as input to the thermodynamic model of the technologically important PbTe phase which resulted in solubilities in excellent agreement with experiments. Such a methodology is important for the computation of solubility/stability ranges of dopants in TE materials in different regions of the phase diagrams, that is critical to the fine tuning of TE properties.
